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1. Introduction and summary 



There are basically two complementary ways of studying D-branes on curved manifolds: the 
microscopic CFT description and the approach which uses various effective actions (DBI or 
super gravity). The relation between these two approaches is non-trivial and it is of interest 
to have both descriptions available. However, many branes constructed using one or the 
other method are still lacking the alternative description. In some cases, like for classes of 
D-branes on group manifolds or on coset spaces, both descriptions of branes are available. 
The aim of this paper is to extend this list to a class of new D-branes, on products of group 
manifolds. The construction which we present does not in general require these manifolds 
to be identical, though most of our explicit formulas and examples will be given for these 
cases. 

There are two main tools which are used in our construction: the permutation symme- 
try between the group manifolds as it was used in [||, ^, |^, [s], ^, 0] ^ and the construction 
of symmetry breaking branes using orbifolds in combination with T-duality, as proposed 
in p. The resulting branes of our construction are symmetry breaking, i.e. they preserve 
less than the diagonal part of the affine algebra, and are non-factorisable (or permutation) 
branes, i.e. they non-trivially mix the factor groups. 

Let us explain the basic idea of our construction on the simplest example of two iden- 
tical groups (i.e. Hq = Hi = H). A generalisation to several groups will be given in some 
cases in the main text, where we will also make the schematic exposition of the introduc- 
tion mathematically precise. Our starting point is the maximally symmetric, permutation 
(or non-factorisable), brane of and Let us consider the brane whose worldvolume is 
given by the submanifold of the H x H space defined by 

(i): {go,gi) = \ {hofoh^\ hfih^^) yh., G H , {i = 0,1) } , (LI) 

brane J 

where and gi denote an element of Hq and Hi respectively, 
to the brane surface, and /o, fi are arbitrary, but fixed, eleme 
brane as a maximally symmetric brane since it preserves the currents 

Jg = J^, Jg = Ji (a = 1 . . . dimH) , (L2) 

i.e. the full diagonal affine subalgebra -f^^^g^^ ^ -^diag^^ °^ total affine algebra x 
Hf^l^ X H(^2) ^ -^(2) • It is easy to see, using the Sugawara construction, that the boundary 
conditions ( |1 . 1\ ) are conformal. The reason why these branes are called permutation branes, 
is because the gluing conditions ( |1.2| ) are obtained from the gluing conditions for a direct 
product of branes by permuting the chiral current of one group with the chiral current 
of the other group. This non-factorisable character of the gluing conditions leads to an 
effective geometry of the brane, which turn out to be a submanifold diagonally embedded 
in the product of the groups. 



denotes the restriction 

brane 

to the brane surface, and /o, fi are arbitrary, but fixed, elements in H. One refers to this 



^In the case of a product of non-identical groups, the permutation symmetry is applied to the common 
subgroups of the factor groups. 
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The permutation symmetry between the subgroups of the target space is also used in 
writing the boundary state for these branes Namely, a schematic form of the boundary 
state for this brane is, in the case when the levels of both groups are the same, given by 

\Afi)p= Cf^^lu, N)o ® N)^ ® M)i (g) \u, M)o . (1.3) 

u,N,M 

Here c^'^ are constants and the subscript on the ket vectors denotes Hilbert spaces in the 
first and second group manifolds. This brane will play a role similar to that of the A-type 
brane in the construction of symmetry breaking branes of . 

Another essential ingredient which we use in this paper is the construction of the 
symmetry breaking branes on a group H using the relation between the orbifold of H 
and its T-dual theory. Namely, it was shown in Q that an application of T-duality on a 
invariant superposition of A-type branes on H leads to a brane which breaks (a fraction 
of) the affine algebra and preserves the currents 

= -j^ , r = r . (1.4) 

Here is the U{\)y current which we T-dualise, J" are all the currents in H which 
commute with and the remaining currents are not preserved. This is the reason why 
these branes are called symmetry breaking branes. We will also sometimes call these branes 
B-type branes. It was furthermore shown in |jl^ that, using the group theory language, 
the symmetry breaking branes are described by conjugacy classes multiplied from the left 
(or right) by the U{1)y subgroup of H, 

(m) : (g) = [Lhfh-^ yheH,L = e'"^ G U{1)y } ■ (1.5) 

brane L J 

From (1.4) we see that the boundary condition in the U{1)y direction is Neumann, unlike 



in the case of the A-type brane from which this B-brane was derived. Correspondingly, 
there is an additional U (1) fibre introduced at each point of a conjugacy class (i.e. A-brane) 
in dLl). 

A schematic form of the boundary states for the B-type branes is [ pT| ] 

\Bfx)= J2 IH^I^)', (1-6) 

where P and are the weight and coroot lattices of H, k is the level of the group and |^)' 
is a state in the chiral algebra A{T) of the maximal torus of H which is of B-type with 
respect to the current and of A-type with respect to the remaining ones. 

Starting from the A-type brane (|l.l| ), we use the logic given above to write the following 
two non-factorisable, B-type permutation branes on a product of group manifolds, 

I: (90,51) =|(/io/o/ir'.^i/i^o'^i) V/iiG//,(i = 0,l)LieC/(l)y,|, (1.7) 

brane I- J 

H: (go,<?i) = |(/io/o/ir'^o,/ii/i/io'^i) ^K^H, G C/(l)y,, (i = 0,l)|. (1.8) 

brane J 
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These branes can also be considered as product of twisted conjugacy classes as suggested 
in 0. By checking the invariance of the WZW action with these boundary conditions we 
show that the symmetries preserved by branes I and II are generated by the currents 

I : Jq = Ji , Jq^ = —jj^ , Jq = Ji , (1-9) 
II: J^' = -4\ JS = J?, Jo' = -JI\ JS = J?- (1-10) 



Here A denotes all generators of H while a and Y are as stated below formula (1.4). 
We see that the first condition in ( |1.9| ) is the same as for the symmetric, permutational 
brane ( |1.2| ) while the second and the third conditions are "permuted" version of the B-type 



conditions (1.4). For the second brane, all preserved currents are of the "permuted" B-type. 
Hence to derive the boundary states for these branes we start from the boundary state for 
the maximally symmetric permutation brane (^]^). In order to reduce the symmetry, we 
apply the procedure of |^ ^: perform the orbifold and a T-duality in the second group 
(for type I brane) or in both groups (for type II branes). The unbroken currents remain 
related in the permuted way. 

The resulting boundary states will have the following schematic form for the branes (|l.7| ) 



and (|L8D (in the case of group H = SU{2)), 



\i) = E c/i/^^)o ® if^m-i ^ iH)!^ ® i^))'S'^ (1-11) 

fl,N,n 

\II) = c/\~^n))^{ ® |n));^« \~^m))^^ |m))'g^) . (1.12) 

p,,n,m 

That is, in the first case, the resulting brane is a product of permuted A-Ishibashi states 
with permuted B-Ishibashi states, while in the second case it is a product of two permuted 



B-Ishibashi states.^ Is is easy to see that the boundary conditions (L7) and (|l.8|) are 
conformal. The total diagonal energy momentum tensor is the same as for the direct 
product of A and B branes (i.e. two B-branes). The only effect of the boundary conditions is 
to permute (with respect to the case of a direct product) the way in which the different chiral 
components of the energy momentum tensor are related to the anti-chiral components. 

Something interesting happens when the U{1) groups in ( |1.8| ) are embedded in such a 
way that Lq = L^^ ■ In this case the conditions on the currents with indices a are as for 
the maximally symmetric permutation brane (1.2), the conditions on the currents L are 
"unpermuted" as 

HI: J^ = 4, JY = JY, (1-13) 

while the remainder of the currents (with generators which do not commute with Y) get 
broken. The boundary state for this brane can be deduced from the boundary state for 
the maximally symmetric permutation brane (|l.3| ). One first decomposes the permuted 
Ishibashi states 01 and 10 as a product of parafermions and U{1) factors, and then "un- 
permutes" the ?7(1) Ishibashi states. The resulting boundary state is 

IHI/.) = ^ c/|/in))o7 \fin))f{ ® \n)fj''> |n))^« , (1.14) 

p,,n 



For explicit expressions for these boundary states see equations (6.2£) and (|6.38|) in the main text 
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i.e. it is a product of permuted parafermionic A-type Ishibashi states with unpermuted U (1) 
A-type Ishibashi states. 

All branes we have considered so far share one common feature: they are all built 
from bulk CFT states labeled by the same primaries in the first and second group, or 
equivalently, they are all characterised by one independent label (/ = /o/i) in the effective 
description, as we will show. At the level of the boundary state this was reflected through 
the presence of the permuted parafermionic Ishibashi states, for all boundary states which 
we listed. The opposite situation occurs if one starts with a direct product of conjugacy 
classes and multiplies them with a diagonally embedded U(l) group [12, |^, [l^ 



IV: (50,51) =\{LhofohQ\Lhihh^^) yh^GH,{i = 0,1) LeUil)L}. (1.15) 

branc J 

In this case the relations between the currents are given by 

IV: 4 = -JY, JI = -JI, Jo=Jo, Jr = Jr- (1-16) 

We see that the effect of multiplying with the diagonally embedded U{1) group is to 
mix the corresponding U{1) currents in a diagonal way, while keeping the other currents 
unpermuted. Since in this case mixing between the submanifolds occurs only through the 
U{1) subgroups, one cannot redefine the group elements so that the brane is characterised 
by one label. Hence, in contrast to the previous set of branes, this brane is characterised 
by two independent labels /o and fi. 

In order to check the correctness of the boundary states presented here, we check all 
Cardy conditions, and derive the effective geometries of the branes using the boundary 
states. These are then compared with the corresponding effective geometries derived from 
the group-theoretical definitions of branes. As required we find agreement between the two 
approaches. We also briefly discuss the cases of non-identical groups in section |3.1| . In 
these cases, any brane that is not a direct product of branes on subgroups automatically 
preserves less than the maximal diagonal affine subalgebra. 

This paper is organised as follows. In sections 2-5 we present various types of per- 
mutation symmetry breaking branes on product of group manifolds. We analyse their 
properties, derive the expressions for the worldvolume fluxes and for some examples we 
also present explicit geometries. In the second part of the paper (sections 6 and 7) we 
construct boundary states for some examples considered in section 4, and reconstruct the 
effective geometries of the branes from the boundary states. We end with comments in 
section 8. Finally we attach four appendices, two of which contain technical details for 
some of the calculations and two of which collect useful formulas. 



2. General construction of maximally symmetric, permutation branes 

In this section we review the construction of the maximally symmetric, permutation branes 
(lOl ) of g and derive some of their properties. A generalisation of this construction to 
non-identical groups leads to a total breaking of some of the diagonal affine symmetries, 
and will be discussed in section 
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2.1 Definition of the brane 

Let us consider a group manifold M, which is a product of K + 1 copies of a group G: 
M = G X ■ ■ ■ X G We define the maximally symmetric, permutational brane by the 
fohowing formula 

ho = hK+1 ,yhi e G , {i = l,--- ,K + 1)] . (2.1) 



where gi denotes an element of the z'th copy of G in target space, and | brane denotes the 
restriction to the brane surface. It is easy to see that by redefinition of the elements hi one 
can always bring an arbitrary brane (/o, . . . , fx) into the form (/o/i • • • fx, e, . . . e), where 
e is the identity element.^ Hence, another, more convenient form of writing the equation 



dO) is 

(90,91, ■ ■ ■ ,9K)\hra.ne = 

^{hofhQ^g]^^ ■ • •5'^^fl,• • ■,9k) f = /o/i ■ ■ ■ fk , V/io,ffi 6 G, {i = !,■■■ ,K)^. (2.3) 

The dimension of this brane can easily be determined by looking at the image of ( p.l] ) 
under the map m:M = Gx---xG— >G, defined by m{gQ,gi, . . . , gx) = go9i ■ ■ ■ gx = 9 
The map m maps the brane ( |2.1| ) to the conjugacy class 

m{go,gi,...,gk)\hr<,ne = C = {C = /io/Ziq^I^o G G) . (2.4) 

Next, note that the inverse of a point under m is diffeomorphic to G^ . To see this, observe 
that for any element of the form 

h = {foh^\hifih^\h2f2h^\...,h]^^fK), (yh,eG) (2.5) 

the relation m{h) = m(/o . . . fx) holds. Hence altogether we see that the dimension D of 
a generic brane (/o, . . . fx) is given by 

D = dimC + ^fC dimG. (2.6) 

Equation ( ]2.1| ) does not fully specify the consistent brane embedding. Namely, in order 
to claim that the geometric embedding (|2.lD solves the DBI action, one needs to turn on 



'Note that there is a freedom of rigid ("zero mode") motion of the brane on the target space. For 



example, in the case of two groups, the equation (2.1) can be generalised to 



i90,9i)L,^, = [(^hofoh^\{xhix-')fi{y-'ho'y)yyho,hi (2.2) 

Here x and y are two arbitrary but fixed elements in G, reflecting a freedom in which one can relate 
elements in the first and second group. Different choices for x,y lead to configurations that are related by 
the "translations" on a group G, i.e. different choices of coordinate origin. In order to simplify the notation 
we choose to work in a frame x = y — e. 
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a gauge invariant worldvolume flux. Due to the complexity of the DBI action, we will 
not determine this flux directly from the equations of motion. Instead, let us recall that 
in order to have a well defined Lagrangian action of the WZW theory on a world-sheet 
with boundary, the restriction of the WZW three-form to the D-brane worldvolume has to 
belong to the trivial cohomology class |14|.^ More precisely, there should exist a globally 
well-defined two-form uj^"^^ on the brane worldvolume, satisfying the equation 



,WZ/ 



da;(2) 



^^^Ibranc 

Given the two-form o;*-^-*, the worldsheet action can be written as 



(2.7) 



(2. 



k_ 

47r 



(fzL 



kin 



+ / UJ 

B 



WZ 



(2. 



Here D is an auxiliary disc (mapped under the map g to the D-brane submanifold) and 
joined to the string worldsheet S along the boundary, completing it to the closed manifold. 
The manifold i? is a three-manifold satisfying the condition dB = The two- form cj^^^ 

is precisely the antisymmetric part of the matrix appearing in the DBI action [16], [17|, 



^det(G + w(2)), UJ 



(2) 



T = B + F. 



(2.10) 



Therefore, in order to determine a;'-^-* let us restrict ui^'^ to the D-brane surface (p.3|). 
Using the following (Polyakov-Wiegmann) identities 



Lk-(5/i) = L'^'^ig) + L'^'^ih) - (TT{g-^d,gd,hh-^)+TT{g-^d,gd,hh-^ 

co'^^igh) = Lo'^^{g)+Lo'^^{h) - d(TT{g-'dgdhh-' 
and the relation (^^) it is easy to see that 



K 



K-l 



i=0 



brane 



.WZ 



(C) d Tr ^ g^ ^dgid{gi+i ■ ■ ■ gK){gi+i ■ ■ ■ Ok) ^ 



(2.11) 
(2.12) 

(2.13) 



i=0 



go . . . gx ■ In deriving this expression one uses the identity 



^"^idi ^) = ~^^'^{di)} which is crucial for the cancellation of the Wess-Zumino terms 



where we have, as before, C 

involving the elements gi. The first term in equation (|2.13| ) can be rewritten as a total 
derivative in a parametrisation independent form, using the results of |18] 



UJ 



WZW 



{C) = d (^Tr(C-idC^— ^C-^dC)) 



(2.14) 



*Generically, there are also additional global topological restrictions following from the requirement of 



independence of the action (2.8) of the actual position of the embedding of the auxiliary disk in the group 
manifold. These lead, for example, to the quantisation condition for the position of the brane in SU{2). 
We will not discuss these kind of conditions here. The details can be found, for example, in |15[. 
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Here the operator (1 — Ad^) (where Ad^ denotes the adjoint action on G) is invertible 
when restricted to the vectors tangent to ( |2.4| ). Putting all ingredients together, we see 
that Wess-Zumino three-form reduces to a total derivative on the boundary, as advertised. 
The expression pl3| ), together with ( pl^ ), gives us an expression for a covariant world- 
volume flux oj^^) on the worldvolume of the D-brane ( |2.1| ). Since this result is expressed 
only in terms of group elements, it is manifestly reparametrisation invariant. Using the 
parametrisation (|2.1|), this gauge-invariant form can be written as 



K 



(2) 



J^Tr [f;^hT^dhifihTl^dh,+A , 



(2.15) 



1=0 



which will be used in the following sections. Note also that using ( 2.13| ) and ( 2.14| ) one can 
determine oj^'^'> only up to an exact two form, while the boundary equations of motion fully 
fix its form. However, even without solving these equations, one can show that w^^^ given 
in ( 2.13 ) and ( ^.14 ) is the only choice compatible with the geometrical symmetries of the 
brane, explored in the following section. 

2.2 Symmetries of the brane 

Next we want to determine the symmetries preserved by the brane ( |2.1[) . The boundary 
conditions (^]^) are invariant under any transformation of the form 



hgi+i , 



90 kgo , gx 
which in our parametrisation correspond to the transformations 

respectively. We will now show that the full action 

k 



i,keG), (i = o,i,...,(E:-i)), 



khk+i , 



S 



k 



i=0 



4tt 



UJ 



(2) 



D 



(2.16) 



(2.17) 



(2.18) 



with boundary condition (|2.lD and w^^^ given in ( p. 13 ) is invariant under the following 
transformations 



9iiz,z,r) 
9i+i{z,z,r) 
kiL{z)\ 



I boundary 



> gi{z,z,r)kij^{z,r) , 

> kiLiz,r)gi+i{z,z,r) , {ki £ G) , (i = 0, 1, . . . , K - 1) 

I boundary = ' 



(2.19) 



as well as 



9o{z,z,r) 
9k{z,z,r) 

kh (^) I boundary 



' kL{z)go{z,z,r) , 
' 9k{z,z,r)k~^{z,r) , 

^^(-")lboundary = ^W' £ G) 



(2.20) 
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Here z and z are complex coordinates on the boundary dB and the coordinate r is pa- 
rameterising the radial direction in the three-ball B. For fixed in order to determine the 
variation of the action, we only need to consider the following terms 

5(g„gi+i) = 5(5i) + 5(<?^+i), (2.21) 
c^(2) {h,^^) = Tr (/ri/irM/i Ji/i-^\d/i,+i + /-\/i-^\d/ii+i/,+i/i-^V^^+2) • (2-22) 

The variation of the kinetic and Wess-Zumino terms in the action can be read off from ( 2.11] ) 
and ( p.l2 ). Using the fact that, due to the (anti-)holomorphicity, ^^^(/cj/j/j^) = 0, one 
deduces that the variation of the Wess-Zumino term reduces to a surface integral over the 
disc D and the string worldsheet S. The integral over the string world sheet is canceled by 
the corresponding S integral coming from the variation of the kinetic term. The remaining 
integral over the disc is 

A{S{gi,gi+i)) = - A Tr (k-^dki{g-^dgi + d^i+i^r+i)) ■ (2.23) 

Substituting gi = hfihT^^ and gi+i = we obtain 

^{S{gi,gi+i)) = 

|- Tr (kr^dh{h,+ifi+ihrl^Ah,+2fi^iK+i " /li+i/r' V'd/iji/^r^^)) . (2.24) 

This term is canceled by the variation of the two- form term in (^^) . Computing the change 
of (g) we find 

Tr {kr^dh{hi^ifi+ihTl^dhi+2f;+ihTl^ - /ii+i/r' V'd/iJ^V+i)) (2-25) 

which cancels (2.24). The proof of the invariance of the action ( |2.1§| ) under the variation 
(2.20) is similar. 

Having determined the symmetries of the brane (^]3) we can now turn to the question 
of which bulk currents are preserved by this brane. The invariance of the manifold M under 
separate left/right group multiplication in each subgroup gets lifted, on the world sheet of 
a closed string, to a local infinite-dimensional symmetry group M{z) x M{z). The presence 
of these symmetries implies the existence of the conserved currents Ji{z) = —dgig~^ and 
Ji{z) = g~^dgi (i = 0, 1, . . . , K). As we have seen, the symmetries under separate left/right 
group multiplication are, in the presence of the worldsheet boundary, reduced to symmetries 
under simultaneous multiplication ( p. 19 ) and (2.20). This implies the following relations 
between the currents, 

Jt = Ji+i^ (i = 0,...K-l), (2.26) 
J^ = J^, VT'^ G Lie(G) . (2.27) 

We see that all left-moving currents for all groups are identified with the right moving 
currents of the "neighboring" groups, hence preserving the diagonal subalgebras G^j^ of 
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the affine algebras Gi x Gj+i. Note however that the number of preserved currents is 
equal to the dimension of the Lie algebra of the target space, in contrast to the case of 
non-identical groups that will be discussed in the next section. 

3. The symmetry-breaking, permutation branes 

Starting from the branes constructed in the previous section, we would now like to discuss 
various possibilities for deformations of these branes, in such a way that the resulting branes 
are physically acceptable. All deformations which will be considered lead to breaking of 
some of the diagonal affine symmetries of 

3.1 Deformations by restriction to subgroups 

One simple way of breaking the symmetries of ( |2.3| ) is to impose a restriction on this 
formula, such that all elements gi take value in particular subgroups of G. More precisely, 
let us choose subgroups Hk C Hk-i - • • Hi C Hq = G, and consider ( ^^ ) with the 
restriction that gi G Hi, {i = 0, 1, K). We choose all Hi to be proper subgroups of G in 
order to simplify the following analysis. No conceptually new elements appear if some Hi = 
G, although some details of the analysis may be different. Similar type of constructions 
have previously appeared in |^, [l3[| . 

Most of the calculations which were shown in the previous section, like the determi- 
nation of the expression for u^^^ or the dimension of the brane, go though in this case 
with small and straightforward modifications. The only more relevant change involves the 
question of preserved symmetries. It is easy to see that the restrictions which were imposed 
change the symmetries of the brane (i.e. the full action) from ( |2.16| ) to 

gi QiK^ , Qi+i hgi+i , {h e Hi+i) , (z = i, . . . , K - i) ^^^^ 

90 kgo , gk gkk'^ , {k e Hk) ■ 

There could be additional symmetries present, depending on whether there is a subgroup F 
in G which commutes with all subgroups Hi. If this is the case, then there is an additional 
symmetry 

go kgok~'^ , gi ^ gi , Mk & F . (3.2) 

In order to write down the relations between the currents which follow from (|3.l| ) and ( |3.2| ) 
we go to a basis of the Lie algebra of G adapted to the chain of subgroups Hi . We denote 
by T"' the set of all generators of the subgroup Hi, and with the subset belonging to F. 
Invariance of the modified ( |2.lD under the transformations ( |3.lD implies that the following 
combinations of the right and left affine algebras are preserved. 



ja.+,^ja^^ (i = 0,...,K-l), ai = l,...,d\uiHi 



(3.3) 

The symmetry ( p. 21 ) furthermore implies the relation 

= r . (3.4) 
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We see from ( |3.3D that all left-moving currents for all groups (except the Hq = G) are 
preserved (via appropriate identification) while the right moving currents for (oj = 
dim -ffj+i . . . dim Hi) are completely removed. 

3.2 Deformation by multiplication with the subgroup 

Another way to break some of the affine algebra symmetries was proposed in Q: the idea 
was to construct branes by applying a T-duality transformation on a Zk invariant superpo- 
sition of A-type (i.e. symmetry-preserving) D-branes. In the Lagrangian formulation this 
procedure was shown to amount to multiplication of the conjugacy classes (corresponding 
to the initial A-branes) by U{1) group We will now apply this logic to the maximally 
symmetric permutation brane ( |2.1[ ) in order to generate a new type of symmetry-breaking 
branes. Since the brane (2.1) has a structure more complicated than that of a conjugacy 



class, there will be several inequivalent ways in which we can implement this idea. 

To illustrate the basic idea let us first consider the simplest case of two identical 
groups: M = G X G. We define the boundary conditions of the type I brane as 

I: (50,51) =\ihofoK\hihh,^L) ,yL^e"'^ gU{1)y] (3.5) 

branc J 

where Y is an arbitrary (but fixed) generator in the Cartan subalgebra of G. As before, in 
order to fully specify the consistent D-brane we need to determine the worldvolume two- 
form uj^'^\ We can reduce this calculation to the one which we did for ( |2.lD by introducing 
variables Ko = hofoh^^ and Ki = hifih^^. We have already shown that 

oj^^iKo) +i^^^{Ki) =dJ^\ho,hi) (3.6) 



branc 



brane 



brane 



with uj^'^\hQ, hi) given in (|2.13|) . Using (|2.12| ) and the property that uj^'^{L) = for 
abelian groups,^ we further get that 

uj^'^{KiL) =oj^^{Ki) -Ti{K^^dKidLL-^). (3.7) 

branc brane 

Combining ( |3.6D and ( |3.7| ) we finally obtain 
.WZ 



brane 



dJ'^\ho,hi,L) = ([{uj^'^Xho^hi) - TT{K^^(iKidLL-^)^ . (3.^ 



To determine the symmetries preserved by the brane we first look for the symmetries 
preserved by the boundary 



1- 5o ~^ 90^ ^, gi — > kgi for all k £ G; under this transformation hi khi and 
Ki kKi. 

2. 50 kgo, gi — > gik^^ for all k £ G, k ^ U(1)y and [k,L] = 0. Under this 
transformation ho — > kh^. This means that for example, in the case of G = SU{N+1) 
we get that k £ SU{N) generated with isospin generators commuting with Y. 



''Actually, this condition can be relaxed to the condition that L in (3.5) is in the maximal torus of G, 
while the extension of L to a nonabelian subgroup is less clear. 
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3- go kgo, gi gi for all k £ U{1)y- Under this transformation /iq kho and 
L ^ kL. 

4- 50 ~^ ffOi gi ~^ gik for all k £ C/(l)y. Under this transformation L Lk. 

When extending these transformations to transformations of the action (as in equations 
(2.19) and ( p.20D ) one can show that the full action ( p.^ ) is invariant separately under 
the transformations 1 and 2. On the other hand, only the following combination of the 
transformations 3 and 4 is a real symmetry of the full action: 

3'- 90 kgo, gi — > gik where k E U{1)y- Under this transformation ho kho, 
L kLk. 



We give details of all of these calculation in appendix A.l . The set of symmetries listed 
above implies that the D-brane (|3.5| ) preserves the following set of currents, 

Jo" = J« , VT" G Lie(G) (3.9) 
Jo" = Ji", VT"GLie(G) s.t. [T^,Y]=0, (3.10) 
4 = -Jr- (3.11) 

We see that multiplication of the second group with the U{1)l subgroup leads to a removal 
of some of the currents present in the symmetric brane ( |2.27| ) and, as expected, also flips 
the sign of the current in the Y-direction. 

3.3 Generalised symmetry-breaking branes 

The number of preserved affine symmetries can be further reduced by implementing the 
procedure from the previous section on both groups 'm M = G x G. More precisely, let us 
consider the brane 

II: igo,gi) = {hofoh^^Lo, h^hh^^L^), (3.12) 

brane 

where Lq, Li belong to two different U{1) groups in M: Lo,£ C/(l)y(,, Li,£ U{1)yi, 
Lo = e*^^", Li = e*"^^. It is easy to show that this brane preserves the currents (|3.10| ). 
On the other hand, the equations ( |3.9D and ( |3.11| ) get modified in an obvious manner, 

Jo" = , VT" G Lie(G) s.t. [T% Yi] = , (3.13) 
4' = -JY^, J^» = -Jr°. (3.14) 

A special case occurs when both groups in M are multiplied by the same U{1) group 
(i.e. when we take Yq = Yi and a = —f3), 

III: {go,gi) ={hofoh^^L, hifih^^L-^). (3.15) 

brane 

In this case the action is again invariant under the symmetries 1 and 2 from the previous 
section (with the restriction in 1 to those k which commute with the U{1) group). These 
symmetries lead to the preserved currents ( |3.1C1| ) and ( 3.13 ). The symmetry 3', however, is 
replaced by 
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3- " go kg^k ^, gi gi, k ^ C/(l)y. Under this transformation /iq kho and 

L k-^L. 

4- " 50 ~^ 50) gi ~^ kgik~^, k G U{1)y ■ Under this transformation hi khi, and 

L ^ kL. 

The details of the proof of the invariance of the full action under these transformations 
are given in appendix A. 2. These new symmetries imply the following additional relations 
between the currents, 

JI = Jo , (3.16) 
J/ = J{. (3.17) 

We see that the left and right currents in the (same) Y direction in both groups are 
separately related in each group. This is different from the situation with a diagonal 
identification of the currents which occurred in the case of non-identical groups. In that 
case the left current from one group (in Y direction) was related to the right current in the 
other group (|3.14|) . 



4. Some examples of non-factorisable branes in AdS^ x x x space 

In this section we will analyse the geometry of the branes constructed in the previous 
sections for several explicit examples in the AdS^ x x x space. These effective 
geometries of branes will be matched in the subsequent sections with the geometry arising 
from the boundary state construction of branes. 



Maximally symmetric, permutation branes: 

Let us first consider an explicit example of the maximally symmetric permutation (non- 



factorisable branes) {2A) for the case in which the group G = SU{2). In this case the 



general formula (|2.lD reduces to 

igo,gi) = {hofoK^ , hifih^^) . (4.1) 

brane 

The preserved currents are 

Jo" + Jf = 0, Jf + Jo» = (a = 1,2, 3). (4.2) 
The general expression for two form w*^^-* given in ( p. 13 ) reduces to 



(2) = Tr (/iQ M/io(/o/ir'd/ii/o"^ - /r^/ir'd/ii/i)) . (4.3) 



In order to write down the geometry of the brane we will use the coordinates given in ( p.5| ) 
and those given in ( p.8| ) for SU (2). The image of a generic brane under the multiplication 
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of elements of the first and second group is the conjugacy class ( |2.4| ). Therefore all elements 
on the brane surface satisfy the condition 

Tr(9o5i) = Tr(/o/i) = cos 6*0 cos 6*1 cos(<^o + 4>i) - sin 6*0 sin 6*1 cos((/)o - 0i) 

= cos TpQ cos -01 — sin V'o sin^i sin^o sin,^i cos(r/o — (4-4) 

+ sin V'o sinV'i cos.^0 cos^i = const. , |const| < 1. 



When /o/i ^ e, the conjugacy class (^^) is two dimensional and ( [1.4D is the only equation 
for the brane surface. In other words, the brane is five dimensional and it is obvious from 
equation ( |2.4| ) that it is topologically equal to x S"^; at each point of the image of the 
map m given in ( |2.4| ) there is an SU{2) ^ S"^ fibre Q. However, when /o/i = e, the 
embedding equations ( [4. 41 ) are replaced by the stronger set of conditions go = , which 
in the coordinates (|D.5D and ( D.8 ) can be written as 



01 = -00 , Oi = 0o, 01 = 00 ± TT . (4.5) 

Here the sign in the last term depends on whether — vr<0o<OorO<0o<7r respectively. 
The equations ( [4.5[ ) tell us that the brane is a three sphere embedded in the diagonal and 
symmetric way between the two SU{2) groups. The two-form ( [4.3| ) vanishes in this case, 
in agreement with the observation of Q that any Lie subgroup of the Lie group is totally 
geodesic submanifold. 

The symmetry-breaking brane of type I: 

Next we want to determine the geometry of the type I brane (|3.5D on an SU{2) x SU{2) 
manifold, 

(ffo,9i) ={hohK\hihh^^L), (4.6) 

brano 

where we will take L to be of the form L = e*"^ 2 . In this case, the preserved cur- 
rents (pl)-(pll) reduce to 

4 = -Jh JS = Ji^ (a = 1,2, 3). (4.7) 



Under the map m of (2.4), the type I brane gets mapped to the conjugacy class multiplied 



1 ■ ^3 

by the C/(l)o-3 group: g = g^gi = hofofih^ e*°"2" = CL. In what follows we will always 
denote with hats those quantities which appear in a product of group elements from the 
first and the second group. The geometry of the image can be determined as follows |19|. 
Using the fact that TrC = Tr/0/1 = const = 2 cos 0^0 we can write 



= 2 cos 00- (4.8) 
From here we see that the element g belongs to the image of the brane surface if and only if 



there is a U{1) element (e*" 2 ) such that the equation (O) is satisfied. So let us determine 
for which g this equation admits solutions for a. Denoting with 6, and the coordinates 
of g in the parametrisation given in ( p. 51 ), the equation (4.8) takes the form 



~ a 

cos0cos(0 — — ) = cos'00 ) (4-9) 



- 14 - 



or equivalently, 

0<c„s^(|-|) = S2!^<l. (4.10) 

^ COS^ t) 

Hence, equation ( [4.10| ) can be solved for a only when cos^ 9 > cos^ ipQ, or equivalently when 

cos (9 > cos 2-00 , 9 = 26. (4.11) 

We see that the image of the brane is a three-dimensional surface defined by the inequal- 
ity ( 4.11| ). To determine the geometry of the full brane, let us denote the Euler angles for 



elements in gQ and gi with "0" and "1" indices. Then the 9 and <j) angles of their product 
are given by 



cos 9 = cos 9o cos 9i — sin 9q sin 9i cos(xi + ifo) , (4-12) 

A e^^^-^ ( §0 9i jXi±£o . 9q . 9i _,xi±£o\ io\ 

e*"^ = ^ cos — cos— e* 2 _sm — sm— e * 2 . (4.13) 

e \ 2 2 2 2 / 

cos I V / 

Substituting the expression for 9 in the equation for the image of the brane, we see that a 
generic brane ( |3.5D is six dimensional and given by the inequality 

cos 9 = cos 6*0 cos 9i — sin 9q sin 9i cos(xi + <^o) ^ cos 2iIjq . (4-14) 

As before, the previous discussion was valid in the cases for which /o/i 7^ e. If V'o = 0, the 
conjugacy class C is a point and the total brane is four dimensional, given by the relations 

h = Oi, Xi + V^o = vr. (4.15) 
The symmetry-breaking brane of type II: 

As explained before, the symmetries preserved by the brane of type I can be broken further 
by multiplying its first term by a U{1) subgroup, 

(50,51) = {hofoK'e'^'^,hihh^'e''''^) . (4.16) 

brane 

Here we have taken both U (1) groups to be along the same generator, but we take them 
to be parametrised by two independent parameters a and /3. The symmetries of brane I, 
given in (fl.Tj) are now reduced to 



4 = -jf, J! = -Ji. (4.17) 

Note that the following equation holds 

1v(5oe-*^^5ie-^"^) =Tr(/o/i) . (4.18) 



Using the same arguments which, in the previous case, led to the inequality ( 4.14| ), one 
now concludes that 

cos ^0 cos 6*1 — sin 6*0 sin 9i cos(xi + ^0 — (3) > cos lipQ , (4.19) 
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where Tr(/o/i) = 2cosV'o- As before, the elements go and gi will belong to the brane 
surface if and only if this inequality admits a solution for the parameter /3. This will 
happen if and only if the maximum of the left hand side of ( [4.19 ) is larger than cos 2V'o- It 



is easy to see that this maximum is equal to cos(0o~^i)- Therefore, the generic brane ( 4.16| ) 
is six dimensional and given by an inequality 

cos(^o - Oi) > cos 2V'o • (4.20) 
When ■00 = the brane is five dimensional and given by the equation = ^i- 



The symmetry- breaking brane of type III: 

This brane is derived from the previous one by imposing the restriction that the parameters 
a, and /3 to satisfy the relation a = —f3 

(50, 5i) = (/ioMr'e'"^,/ii/i/io'e-'"^). (4.21) 

brane 

The elements go and gi belong to the brane surface if the following equation admits a 
solution for the parameter a, 

TV (soe-'"^ <?ie'"^) = 2 cos ^"o • (4.22) 



Using the formulae ( [4.12| ) and ( [4.13 ) we can rewrite this equation as 



cos ® cos(7/2 - i/2 - (po- (pi) = cos ipo , (4.23) 

where 

cos = cos ^0 cos 9i — sin Oq sin 9i cos 7 , (4.24) 

and we have introduced new labels 7 = xi + V'o ~ o and ^ = (f> — '^"^'^^ . The variables ^ 
and 7 are related to each other by the equation 

e 2 = cos — cos — e 2 — sm — sm — e 2 . 4.25 

cosf^ 2 2 2 2 ^ ^ ^ 



Hence the brane consists of those points for which equation ( 4.23| ) admits a solution for a. 



For -00 = there are again additional constraints, which imply that in this case the brane 
is four dimensional and given by the equations 

^0 = ^1, (^o + 0i = vr. (4.26) 
Restriction to the subgroups: 

As was explained in the previous section, the restriction to subgroups of G for different 



factors in (2.1) leads to total breaking of some of the affine symmetries. In particular, let 



us consider an SU{2) x U{1) manifold and a brane 

(90,51 



= {hofoh,'e-^^^,e'^^), (4.27) 

brane 
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where ho,fo G SU{2). Following the steps elaborated on around formula ( f4.12| ) one can 
deduce that the embedding of this brane in the case in which /o 7^ e is given by 

cos e cos(0 - |) = cos(V'o) , (4.28) 

where 2cosV'o = Tr/o, while 9 and (p are coordinates on the in the parametrisation 
given in ( p.5| ). The difference with respect to the previous cases is that r] in this case is a 
coordinate in the U{1) subgroup and not a parameter. Hence the brane surface is defined 



by equation ( |4.28D and it is three dimensional. When f = e the brane is a one-dimensional 
U{1) brane, diagonally wrapping a two torus which is the direct product of U{l)a3 x U{1). 

Let us also consider a more complicated example of the restricted (]2.lD branes on 
an M = SU{2) x SU{2) x U{1) manifold. The brane is given by 

(90,91,92) = \ {hofh^\ hih^'e-'^^'i' , e'^'i') /io,/ii,/G5[/(2), 52GC/(1)|, (4.29) 

brane J 

with the two form oj^"^^ given by (2.13) and (|2.14| ). The conserved currents are 



Jq — ^2 , 

JS = J^ (a = 1,2, 3), (4.30) 
Jf = J 2 . 



To determine the geometry of this brane, we note that the first two factors in ( 4.29| ) define 



the brane of type I ([4.6|), which is connected with the U{1) factor in a diagonal way, as 
in ( 4.27] ). When / 7^ e, the brane is six dimensional with the geometry given in Euler 



coordinates by 



~ Tl 

Tr(S'o5'i92) = cos 9 cos{(l) - -) = cosipo , (4.31) 



where 9 and (j) are defined in equations ( [4. 121 ) and ( [4.13 ), respectively. In the special case 



in which / = e, the brane equation is go = {9192) ^ which, when written in components, 
gives 

V'o + Xi = TT , 9q = 9i, tt + xo + y^i = -f? • (4.32) 
So we see that in this special case the brane is four dimensional. 



5. Boundary states for maximally symmetric, permutation branes 

In this and the following sections we will present boundary states for the D-branes consid- 
ered in the previous sections. We will always work in the closed string channel, and in cases 
of several groups we will choose the levels of all groups to be the same. To set up the scene, 
we start the discussion by reviewing the construction of the boundary states for maximally 
symmetric, permutation branes presented in |^] . Using the constructed boundary states we 
then calculate the effective geometries of these branes, recovering the classical results from 
the previous sections. In the section we then continue by constructing the boundary 
states and effective geometries for cases of symmetry-breaking non-factorisable branes. 
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5.1 Construction of the boundary state 

To construct the boundary states for maximally symmetric, permutation branes on SU{2)k x 
SU{2)k manifold, one starts with the boundary state for a direct product of two maximally 
symmetric branes on SU{2). These branes preserve the diagonal affine algebras in both 
groups separately 

J° + J° = 0, J'^ + J'^ = 0, a = 1,2, 3. (5.1) 

The boundary state is described by the tensor product of the corresponding Cardy states 
for the first and the second groups 

|ao,ai) = |ao)c ® \ai)c , (5-2) 
where the boundary states for each group are of the standard form 

l«.)f^'^^ = E^I^'^-^))'''^'^ (^ = 0,1), (5.3) 

and the Ishibashi states are given by 

\A,j,)f^''^^^^ =^\j,,N)i^Jj~N)., (i = 0,l). (5.4) 

N 

As usual Si^ is the matrix of a modular transformation r — ^ and \ji,N)i is an or- 
thonormal basis of the irreducible representation ji of SC/(2)fc, ji = (0, ^, 1, •.•■|). We will 
use the following notation for the boundary states in the rest of the paper: the subscript 
u will indicate that the Ishibashi state is formed from the left and right states of the same 
theory, the subscript r will denote that the state is formed from different theories, and a 
superscript will indicate which Hilbert spaces are used. All Cardy states will be denoted 
with |)c. 

As discussed in section 2, one can construct the symmetry preserving, permutational 
brane (|4.1| ) using a permutation symmetry ('P(/io,/ii) = {hi, ho)) to twist the product of 
two conjugacy classes. In this simple case, the twisting changes the the relation between 
the currents ( ^ ) to 

Jo" + = , Jg + J^ = 0. (5.5) 

The preserved currents (5.5) imply that the allowed Ishibashi states for the permutational 
branes (denoted with the subscript V) are of the form 

where 

N 
M 
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Note that not all of Ishibashi states ( ^.61) can be used to construct the boundary state. 
This is because the boundary state is part of a closed string Hilbert space, and hence, since 
the bulk partition function is diagonal, only Ishibashi states with Jq = ji will be allowed. 
Notice however that the indices M and N in ( [5.7D and (^^) are independent. The complete 
boundary state is a linear combination of allowed Ishibashi states. The requirement that 
Cardy's consistency conditions hold restrict the allowed linear combination to 

= E t^li' J'))^ = E 1^ E ® ^1 ® IJ' ® • (5-9) 

j j N,M 

The proof of the Cardy conditions for this brane is given in appendix |^. Note also that 
although the permutational brane lives on a product of two manifolds, the boundary state 
is characterised by a single primary a, in contrast to the untwisted brane (|5.2| ). This fact is 
in agreement with the statement that the brane ( |2.1[ ) can always be put into the form 
characterised by a single group element gogi- 

5.2 The effective geometry of the brane 

Given a boundary state, the shape of the brane can be deduced by considering the overlap 
of the boundary state with the localised bulk state \6), with 9 denoting the three SU{2) 



angles in some coordinate system pi|, 0, 22 1. As we will see, the boundary state wave 



function over the configuration space of all localised bulk states peaks precisely at those 
states which are localised at positions derived by the effective methods in the previous 
sections. In the large k limit, the eigen-position bulk state is given by 

\e)= ^ ./2fnVl^,{0)\j,m,m'), (5.10) 

j,m,m' 

where ^^^^/ are the Wigner P-functions: 

^mm' = (i^^lfWlW), {jm\jm') = 5rn,m' (5.11) 

where \jm) are a basis for the spin j representation of SU{2). To calculate the overlap 
with the boundary state, we will need the knowledge of S-matrix of SU{2) at level k, 



/ 2 . /(2a + l)(2jJ-lh , 



In the large-A; limit the ratio of S-matrix elements appearing in the boundary state simplifies 
to 

^-^^^.MC'j + m, (5.13) 
Soj vr(2j + 1) 

where, to shorten the notation, we have introduced -ip = ^^^^^^^ . Using these results, the 
overlap between the boundary state and the localised bulk state becomes 

{0o,0i\a)v^ E ^^^sin[(2j + l)V']P^„(5o(e"*o))^?L(5i(e"'i)). (5.14) 

j,m,n 
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To simplify this expression we need the identity 



J2'^Li9oieo))Vl^,i9ii9i)) = Vl^,{go0,)gi0i)) , (5.15) 

m 

which fohows from the fact that the matrices Pnm form a representation of the group. 
Finally, one needs the property of the Wigner D-functions that ^„^^nn.(s') = '^"^i^n v-^^^ ' 
where if) is the angle of the standard metric (D.8) and defined by the relation Tig = 2 cos ip 
(or in our case Tr(^o5i) = 2 cos '(/')• The overlap ( 5.14| ) becomes 

{eoMa)v ~ Vsin[(2j + 1)^] sin[(2j + 1)^] (5.16) 
vr sm tp ^-^ 

j 

and from the completeness of sin(nV') on the interval [0, vr] one concludes 

(0"'o,e"'i|a)p~-^^5(V-Vi). (5.17) 

Hence we see that the brane wave function is localised on ^ = const, bulk states, which is 
indeed the same relation as the one obtained in the effective approach ([4.41). 



6. Boundary states for symmetry breaking branes 

Starting from a direct product of maximally symmetric branes and using a permutation 
symmetry of the theory, we have in the previous section generated maximally symmetric 
permutation branes. In this section we will use these branes and apply the technique of Q 
to generate symmetry breaking, permutation branes of type I and type II. In section we 
will first review the essential steps of the MMS construction, which we will then apply in 
section and Finally, in section |6.4| , we will use the permutation symmetry between 
the U{1) subgroups of the SU{2) x SU{2) group in order to derive the boundary state for 
brane III, starting from the direct product of two SU{2), A-type branes. 

6.1 Background material 

Let us start by reviewing the T-duality between a Lens space and the SU{2) theory. 
Geometrically, a Lens space is obtained by quotienting the group manifold by the right 
action of the subgroup of the C/(l), and in the Euler coordinates it corresponds to the 
identification 93 ~ 93+^. In terms of the SU{2) WZW model this is the orbifold SU{2) /Z^, 
where Z^ is embedded in the right U{1). The partition function for this theory is 

Z = Y.xf^'\<l)xfn'm'^l-\'l) (6.1) 
i 

and coincides with the one for the SU{2) group, up to T-duality. This relation enables one 
to construct new D-branes in the SU{2) theory starting from the known ones. As a first step 
one constructs the brane in the Lens theory. As is usual for orbifolds, this is achieved by 
summing over images of D-branes under the right Z^ multiplications. Performing then the 



-20- 



T-duality on the Lens theory brings us back to the SU (2) theory and maps the orbifolded 
brane to a new SU{2) brane. 

As warm-up exercise let us recah how this procedure works in the case of a single 
SU{2) group [Q. Our starting point is a maximally symmetric A-brane, preserving the 
symmetries ( |5.1| ). If we shift the brane by the right multiplication with some element 
CO = e'^"^ of the Zf^ group, then the symmetries preserved by this brane are 



I ja, —I 



0, (a = 1,2, 3) 



(6.2) 



while the brane is described by the Cardy state with rotated Ishibashi state 

\A, arc =Y.^Y. li' ^) ® (^'KiV)) ■ 



(6.3) 



Summing over the images one obtains a invariant state, present in the Lens theory 



k k 



(6.4) 



To compute the sum of the Ishibashi states on the right-hand side, one next uses the 
orbifold decomposition of SU{2)]. 



SU{2% = (^^^W U{l)k)/Zk . 



(6.5) 



This decomposition implies that Ishibashi states for the maximally symmetric A-brane (| 
can be written as 



2k 



\A,j)) 



5(7(2) 



n=l 



(6.6) 



where 



and 



\A, j, n))P^ = \j, n, N) ® \j, n, N) 



N 



C/(l) 



exp 



n 



.n=l 



,r + 2kL ,r + 2kL 



2k 



(6.7) 



(6.8) 



are the A-type Ishibashi states for the parafermion and U{l)k theories. If the subgroup 
lies in the U{1) group appearing in the decomposition ( |6.5D , then under the action of 
element lj' G Z^ the expression (^^) transform as 



n=l 



(6.9) 



Hence summing over images projects onto the Z^-invariant Ishibashi states for which n 
is restricted to the two values and k. Performing T-duality, flips the sign of the right 
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moving U{1) sector and one gets a B-type Ishibashi state of the original SU{2) theory, 



A,j,O))^^0\B,O))^^ 



U{1) 



1 + 



where 



n 



n=l 



r + 2kL 



2k 



(6.10) 



(6.11) 



is a B-type Ishibashi state of U{l)k theory satisfying the Neumann boundary conditions. 
Knowing the T-dual expression of the ( |6.4[ ) allows one to write down the boundary state 
for the B-type brane 



Y^^lAj, 0))^ ® {m)1('^ + v\Bk))T) . (6.12) 



where rj = (—1)^". In deriving this expression one uses the field identification rule {j,n) ~ 
{k/2 — j,k + n) and the following property of the matrix of modular transformation ( |5.12| ) 



S. 



a] ■ 



(6.13) 



To derive the symmetries preserved by the B-brane, one observes from (|6.2D that a 
invariant superposition of the A-branes preserves only the current + and breaks all 
other currents; namely, any two images only have this preserved current in common. 
Performing further T-duality in the direction flips the relative sign between the two 
terms in this current and hence implies that the only current preserved by the B-brane is 



J3 - J3 



0. 



(6.14) 



We are now ready to apply this procedure to the brane ( ^.91 ) in order to generate symmetry 
breaking permutation branes. Applying the MMS procedure to one of the two SU{2) groups 
will lead to brane I, while applying it to both groups will lead to the brane of type II. In 
this derivation we will need the following permuted Ishibashi states in the U{l)k x U{l)k 
and PFk x PF^ theories. 

The permuted Ishibashi states satisfy the conditions 



Jl±jf = 0, jf±JS = 0. 



and can be written as 



|r))^_^ ^ '1 = exp 



\r ))^_^ "> = exp 



n=l 

oo 



oo ^0 ^1 



n 



-.r-^ .r + 2kl 

Z^l rrr- )0 



r + 2kL 



A l&z 



2k 



2k 



oo 1 ~0 



n=l 



n 



^ , ^ r' + 2kr. 



, r' + 2kl' 



2k 



(6.15) 

(6.16) 
(6.17) 
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Here the signs in ( |6.15| ) are both taken to be plus or both minus. Note that in all these 
expressions there is a sum over the Iq, I, I' labels, in order to preserve the full extended U{l)k 
symmetry algebra. For example, all states formed from (6.16) will preserve not only the 
first symmetry in ( |6.15| ) but also the conditions T^j^ it f"^^ = and it f = 0. 

As for the abelian case, for the product of two parafermion theories [Aq^^^^ x Ai^^^^) 
we can define two kinds of permuted states 

|ji,ni))f^«><^^i = ^Ui,ni,iV)o®|ji,ni,iV)i, (6.18) 

N 

|j2,n2))f^^^^^5 = ^|j2,n2,M)i®|j2,n2,M)o. (6.19) 
M 

Here ji G Z/2, rii £ Z satisfy the constraint 2j + n = mod 2 and an equivalence relation 
(j,n) ~ {k/2 - j,k + n). 

6.2 Boundary states for symmetry breaking type I branes 



We now want to construct the boundary state for the brane of type I given in (11. Tj) , 

(5o,ffi) ={hofoK\hhh^'e'^'^). (6.20) 

brane 

Recall that, as we have derived before using the Langrangian approach, this brane preserves 
the currents 

jI-J! = 0, (6.21) 
Jo" + Jf = 0, (a = 1,2, 3). (6.22) 

To construct the boundary state, our starting point is the maximally symmetric permuta- 
tion brane ( |5.9D which preserves the symmetries ( |5.5D . In order to reduce these symmetries 
down to (|6^ ), we will now show that one should apply the procedure described in the 
previous section to the second SU{2) group in which the permutation brane lives. Namely, 
let us shift the brane (|5.9| ) by multiplying it from the right with an element uj^^2) — e"^*^^ of 
the subgroup of the second SU{2) group. The shifted brane preserves the symmetries 

Jo"+4)Jfa;(-;=0, (6.23) 
Jo" + Jf = 0, (a = 1,2, 3), (6.24) 

and is given by the Cardy state 

= E ^ |,))-(^) , (6.25) 

where 

TV 

As in the previous section, summing over the images and performing the T-duality in 
the right sector, will reduce the first set of currents ( |6.23 ) down to ( |6.21 ), as desired. 
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As far as the boundary state is concerned, summing over images will not touch the first 
Ishibashi state in ( |6.25| ) but will project the second Ishibashi state down to the invariant 
components. Using the permuted version of the decomposition ( |6.6| ) 



2k 



n=l 

and applying T-duality to it, one obtains the permuted B-type Ishibashi state of the initial 
SU{2) theory. 

Here the permutation UiV) and the permutation parafermion Ishibashi states are given in 
formulas ( |6.16| ) and ( |6.1§| ). Using this expression the Cardy state for a new brane can be 
written as: 

\^iS = Vk^^\j))f^(')^x'^('yo ^ \B,j))f . (6.29) 

Note also that since the boundary state ( |6.29 ) is "derived" from the maximally symmetric 
boundary state ( ^.91 ), it is characterised with a single primary j as was the case for the 
brane (5.9). This is again related to the fact that in the effective description ( 6.2C| ), there 
is only one independent parameter (/ = /o/i).^ 

To check the consistency of the proposed boundary state, one should check, as usual, 
the Cardy condition. Since we are in a theory which admits several different types of 
branes, one should in principle check these conditions for the type I brane with any of the 
other branes in the spectrum. We have done the calculation involving two branes of type I, 
with one of type I and a permutational brane, and with a brane which is direct product 
of two SU{2) A-branes. The tree-level amplitude between two Cardy states for two type I 
branes reduces, after the S-modular transformation reduces, to 

^-1-2= E ^-i-2^rj"Xj'iq)xj"MQ)^nM — , (6-30) 

hence satisfying the Cardy requirement. The annulus amplitude between the type I and the 
maximally symmetric permutation brane (|5.9| ) reduces, after the S-modular transformation, 
to 

., gl/48 

while the one between states of type I and the brane (|5.2D reduces to 



1 2 (gl/2)l/48 



^This can be easily be seen by changing coordinates as fto hofi ^- 
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Here the factor 7^ — .'^ ^ ^ -, is the partition function of a scalar with mixed Neumann- 



Dirichlet type boundary conditions. The details of calculations of ( |6.30| ), ( |6.31| ) and ( 6.32| ) 
can be found in the appendix B. 

We will now show that the boundary state ( |6.29| ) reproduces the effective brane ge- 
ometry ( [4.14 ). In the large k limit the second term in ( 6.2S| ) can be ignored. As in section 



m one should compute the overlap (6*0, ^i|a){^ . We will again use the formula (^.10 ), but 



taking into account that the matrix D^^^ derived for the first group has left index and 
the right index m, whereas the I?^^^ matrix derived for the second group has left index m 
and the right index 0. Therefore, the overlap is again given by formula ( |5.14| ), but with n 
set to zero. Using furthermore (|5.15| ) we arrive at the equation 



{eoJiH'^c^ ~ ^ ^sin[(2j + mVl^igoieo)giie,)) (6.33) 
j 

Next we will need the relation between the Wigner D-functions and the Legendre polyno- 
mials -Pj(cos 6) given by Pqq = Pj {cos 9), as well as the formula for the generating function 
for Legendre polynomials 

V ePJx) = ^ . (6.34) 

Using these expressions equation ( |6.33D can be simplified to 

(4^"'i|a)g)~^^^4^^, (6.35) 
Y cos 9 — cos Itfj 

where is the step function. This indeed coincides with the expression for the effective 
geometry ( 4.14| ). 



6.3 Boundary states for symmetry breaking type II branes 

Let us now turn to the type II brane ( |l.8D 

(50,51) ={hofoK'e"''i,h,hh^^e'"'i'), (6.36) 

brane 

which preserves the currents 

j3 - j3 = , - Jf = . (6.37) 

This brane has a structure which is very similar to the type I brane. It can be derived from 
this brane by applying the described procedure (with right cosetting) to the first SU (2) 
group in which brane I lives. As for brane I, this procedure will reduce the currents ( 6.21| ) 



and ( 6.22| ) down to (6.37). At the level of the boundary state, the Ishibashi state in the 



01 sector will remain unchanged, while the 01 Ishibashi state ( ^.7| ) will be projected down 
to a Z^^ invariant state (where subscript 1, indicates that this action is taken in the first 
SU{2) group). Finally, applying the T-duality we obtain the boundary state 



a 



P = kY.^\B,j))f^\B,j))l^ (6.38) 



3 ■' 
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where \B,j))^ is defined as in ( 6.28 ) with and 1 exchanged, and the coefficients in the 
Unear combination are fixed by the Cardy condition. For even k the tree-level amplitude 
between the states ( |6.38[ ) reduces to 



X -^^^-i ^ ^; ^ ^ ^ . (6.39) 



For an odd k (6.38) can be simplified and written as 



(6.40) 



The tree level amplitude between the states ( 6.4(]| ) is 



^»l-2= E E E K,a,Nl^^'Xj',nA9)Xj'',nM^n,iQ)MQ) (6-41) 



rJ'J" ni,n2 "3,714 



where rj = (_i)2ai+2a2_ "Yhe Cardy condition is satisfied in this case because, after taking 
into account field identification in the parafermionic sector, one can show that each state 
in the sum appears twice, and therefore all states appear with integer coefficient. The 
calculations leading to ( |6.39| ) and ( |6.41 ) follow closely to that of for (6.30) outlined in the 
appendix B. 

To derive the effective geometry of this brane, one follows the same arguments we as 
presented for the type I brane. The overlap with the localised bulk probe is given by 



Y^ — sm[{2j + l)ij]Pj{cos 



(6.42) 



Using now the formula 



Pj(cos6'o)Pj(cos^i) = - 



\eo-ei\ 



Pj {cos 9) 



[cos 9 — cos(6'o + ^i)] [cos(0o — 9i) — cos / 



and equation ( 6.34| ) we obtain 



(6.43) 



{0o,ei\a 



(2) 
C 



1 f^o+^^ e(cos6'-cos2V;) 



TT 



sin 0de 



\eo-ei\ ./cos 61 - cos 2 J [cos 6* - cos (6^0 + 6*1)] [cos (610 - 6ii) - cos/ 



(6.44) 

The integral ( 6.44[) is different from zero if cos(^o — ^i) > cos 2(^/^0 + i^i) which is precisely 
the condition (|4.20| ). 
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6.4 Boundary states for symmetry breaking type III branes 

Finally, let us consider the type III brane given in ( 4.21| ), 

(50, 9i) = (/io/o/ir'e'"^-/^i/i^o'e"'"'^)> (6-45) 

brane 

with preserved currents 

+ J^ = 0, Jf + Jf = 0. (6.46) 

This brane has a structure which is different from the two previous branes. To derive 
the boundary state for this brane we start from the maximally symmetric permutation 
brane ( |5.9| ) and decompose the factors ( ^.7] ) and (5.8) according to the equation ( |6.27 ) and 
its and 1 exchanged version. We then apply the permutational symmetry between the 
two U{1) factors in the 01 and 10 subsectors to unpermute them. Since the final state has 
to be Zk invariant (in accordance with the decomposition ( |6.5D )7 one is forced to restrict 
to the subsector with n = m. The boundary state for the brane ( |6.45 ) can hence be written 
as 



^ ^ Sm 2 



(3) _ ^ 

|i,n))f^"x^^i ® U,n))f^i^^^5 . (6.48) 

As before, to check the consistency of the boundary state, one needs to ensure that the 
Cardy condition holds. The tree-level amplitude between two type III boundary states 
reduces, after the S-modular transformation, to 

^aiaa = X] X] ^aia2^ri"^i''"i+"2+n3 (9)Xj",ni (g)V'n2 (g)^n3 (?) , (6-49) 

r,j',j" ni n2,n3 

and hence is consistent with the Cardy condition. Similarly, the annulus amplitude between 
brane III ( |6.48| ) and the maximally symmetric permutational brane (|5.9| ) is 

(g)X/',ni(g)V'n2 («'/')• (6.50) 

r,j',j" ni,n2 

and between type III and ( ^^ ) 

{q'^^)i^nAQ)^n2{q) ■ (6.5i) 

j',r ni,n2 



., /• 1/2 \ 1/48 

^-1-2= J2 I]^aia2^rj"Xi',n(g)Xj",m(g) ^ . _ r y2)m-l/2) ' (^.52) 



and type III and type I 

,^^1/2^1/48 

r,j' ,j" n,m 

^Note that the action of the group in (^^) is different from the one used in the construction of the 
Lens space . The action of w € Zfe on an arbitrary state | j, n)^^ |m)'^'^-' is given by 

I- \PF\ \U(1) n-m\ ■ \PFi \U U) I f A'7\ 

tj|j,n> |m) ' ' ^uj |j,n) |m> (6.47) 



-27- 



The details of calculations ( 6.491) - ( |6l52 ) are provided in the appendix B. 

Now we calculate the effective geometry corresponding to this boundary state. As 
before, to obtain the effective geometry, one should compute the overlap (^O)^!!^)^ ■ 
the large-/c limit the overlap reduces to 

(0"'o,^"'i|a)g) ~ j;^sin(2j + l)VU9M)VU9i0i)) ■ (6-53) 

j n 

One needs to use the fact that Wigner D-functions may be represented as a product of 
three functions, each of which depends only on one Euler coordinate, 

ViMO)) = e-^(">^+"^)ci^_(cos 9) , (6.54) 

where dnm are real functions satisfying the relation (note that there is no summation 
assumed for the repeated indices) 

dUcoseo)dUcos0i) = ^ r e-(^-«)4„(cosG)d7, (6-55) 



27r 



The functions and ^ are functions of 0q,9i and 7 defined in equations ( [4.24| ) and ( 4.25| ). 
The overlap of the boundary state with the bulk probe can be written as 

{9o,ei\a)P r sm(2i + l)e-(T-«-2^-2,^0d^^(cose)d7 

'-Y.Y.r sin(2j + l)Z)^„(e,7/2-e/2-0o-<^i,7/2-^/2-<^o-0i)d7 

(6.56) 

Now repeating the same steps as in ( 5.16| ) and (|5.17| ) we get 

0„,eMf ~ r '-^d-, . (6.57) 

where 

cosV' = cos — cos(7/2 — ^/2 — (po — (pi) (6.58) 

From this equation it follows that the brane consist of all those points for which the 
expression in the argument of the 5 function has a root for 7. This is the same condition 
as the one coming from equation ( [4. 231 ), obtained in the Langrangian approach. 



7. Discussion 



In this paper we have presented several new types of symmetry breaking branes. While 
most of our analysis was focused on exploring different ways in which one can break part of 
the diagonal affine algebra by branes, the understanding of the properties of these branes 
was only briefly touched upon. In particular, issues concerning the embedding of these 
branes in supersymmetric models, their stability, a comparison of the spectra between the 
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CFT and the effective approaclies and so forth should definitely still be explored further. 
A preliminary investigation of the supersymmetry of these branes using the probe kappa- 
symmetry approach indicates that most of the branes are non-supersymmetric. Only a 
special class of maximally symmetric, permutation branes seems to preserve a fraction of 
supersymmetry. While most of the required effective analysis as found in ||2^ or |24| is 
complicated when applied directly to a target that is a product of groups, simplifications 
might occur in the Penrose limit applied to branes along the diagonal geodesic which winds 
between the groups, as in [E^]. We hope to address some of these issues in the future. 
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A. Some details of the calculations 

A.l Symmetries of the brane I 

In this appendix we present a detailed calculation of the invariance of the string action (| 



for the brane ( |3.5D under the symmetry transformations 1 and 2 of section 3.2. Under the 
first transformation the change of the bulk action is ( p.23| ) with = Kq and gi = KiL, 
while the change of the first term in (|3.8|) is 



uj^^\ho,khi) -J^\ho,hi) = -Ti [k-^dk{KQ^dKo + dKiK^^)j . (A.l) 
The change in the second term in (^]^) is given by 

- Tr (K^^dKidLL-^)^ = - Tr {k-^dk{KidLL-^K{^)) . (A.2) 

Hence putting all terms together, one gets that the change of uj^'^\ho,hi, L) exactly can- 
cels (1^). 



Under the second transformation in ( p. 21 ) the change in the bulk term in the action is 

AS = J Tr (^k-^dk{dKoKQ^ + K^^dKi + L-^dL)^ (A.3) 

where we used that [fc, L] = 0. The change in the first term in ( |3.8| ) is given by 

w(2)(fe/io,/ii) -a;(2)(/io,/ii) = - Tr (k-^dk{dKoKQ^ + K^^dKi)^ (A.4) 
and in the change in the second term by 

a( - Tr M-fCidLL^^)) = Tr {k-^dkdLL'^) , (A.5) 



again due to [k, L] = 0. Hence the total change of the action is, 

a(s-^ I J'^^ho,hi,L)] = — [ Tr (fc-MfcdLL-i) , (A.6) 

which vanishes for all [k,L] =0. 

The change in the bulk part of the action under the transformations 3' is 

AS = j Tr {k-^dk{dKQK^^ - K^^dKi - L-^dL)^ , (A.7) 

while the change in the second term in (|3.8| ) is 

A(^ - Tr (i^f MKidLL"^)) = Tr (A;~MA;(2Kf Mi^i + dLL"^) (A.8) 



which altogether with (A.4) leads to a vanishing total variation of the action. 
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A. 2 Symmetries of the brane III 



In this section we prove invariance of the brane ( p.l5 ) under the transformations 3" and 



4" in section |3.3| . The gauge-invariant two-form for this brane is given by 

uj^'^{g) = d(j'^\ho,hi) - TT{KQ^dKodLL-^ - Mi^idLL^^)) . (A.9) 



brane 

Under the transformation 3" the bulk action changes by the amount 



^S=^ Ti[k-^dk[gQk-^dkg^^ - g^^dgo - d^o^o 

j Ti(^k-^dk{Kok~^dkKQ^ - K^^dKo-dKoKQ^ - L~^dL (A.IO) 



k 

in 



'D 



KndLL-^Kr^ 



The change of the first term in the two-form (A.9) is given by ( |A.4| ) while the change of 
the second term is 



A(^- Ti:{KQ^dKodLL-^ - K^^dKidLL-^^ 
T^(k-^dk[K^^dKi - K^^dK^ - dLL'^ + Kodkk'^K^^ - K^dLL-^K^^) ) . (A.ll) 



Collecting all terms together, we see that the action is invariant under the transforma- 
tion 3" . Invariance of the action under the transformations 4" is proved in the same way. 

B. Proof of the Cardy conditions 

One of the necessary consistency conditions which any boundary state has to satisfy is the 
Cardy condition: for any pair of boundary states |a), in the theory, the closed string 
tree-level amplitude between them should, after a modular transformation, be expressible 
as the partition function of a CFT on a strip with boundary conditions a and [i at each end 
of the strip. The requirement that the boundary state satisfies the Cardy condition restricts 
the coefficients in the Cardy state as follows. We present here the details of the calculation 



for ( p.9| ) following y]. The computation for other branes in section |6.2| is similar, so only 
the results are presented in the main text. 

Let us consider the following tree amplitudes between the two permutational branes 



given in ( ^.9D and between the permutational and factorisable branes of (5.3), 

Za„a, = v{ai\ eM-T^iH(^cl)/T)\a2)v = v{ai\{q'/Y"^^'-'^'^\a2)v , (B.l) 
Za,iaoa^) = P (a| exp(-^f /T) | oq , ai )= p (a| (gi/2)^o+^-'=A2 |ao, ai ) . (B.2) 

Here q = e"^^*/^ and Lq = + Lq = L^°^ + l'^K We want to show that after the 
S-modular transformation, these expressions can be written as 

Za(3 = ^nl,(,Mq)- (B.3) 
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Here a and /3 are conditions defined by the states ( ^ ) and (^^), q = exp(— 27riT) is 
the open string modular parameter, are some positive integer numbers, and xAo) are 
characters for some conformal symmetry algebra. Note that, depending on the choice of the 
boundary conditions, the same initial bulk algebra leads to different open string conformal 
algebras. 

The first expression ( |B.1| ) becomes 

V = 



M,N,M'N' A) 

X {o{n,N\j2,N%){,{n,N\j2,N'),) ^^-^^ 

M,N 

Applying the modular transformations to this expression, and using the symmetry 
properties of the S-matrix (Sij = Sji) as well as the Verlinde formula, one obtains^ 

^ai.aa = Y] SjkSjlXk{q)Xl{q) 

(B.7) 

= Y.^:,aAk{q)xM). 

r,k,l 

To put this expression in the form (B.3) we need to realise that the product of two characters 
in ( |B.7| ) corresponds to a single character of the total SU{2) x SU{2) group, since the 
primaries of the total group are labeled by two (rather then one number). Hence we can 
write Xk{<l)xi{Q) = X(k,i)iQ)- Also the sum of the two fusion matrices in ( |B.7| ) is obviously 
defining a set of positive integer numbers, which we can denote with Na^ai- Using all these 



ingredients we see that ( |B.7] ) is of the required form. 

It is instructive to compare the partition function we have just computed with the the 
partition function between the boundary states for the direct product of two SU{2) branes 



Ziao,a^Ua'„ai) = KWo^ a, a'Mq)Xl{q) ■ (B.8) 
■,k,l 



We see that the difference with respect to the ( |B.7] ) is contained in the form of the fusion 
coefficients; while in the formula (|B.7] ) the coefficients appear as product of fusion matrices 



{{Ni)jk = N^-), they appear in the expression ( [B.8D in an "uncoupled" form. 



* Recall that the Verlinde formula is given by 

j^j-k _ SjpSjpSpk _s 

' ^ Sop ' ^ ' 

V 

where 5 = CS is a complex conjugated S-matrix, N^j are fusion matrices and the index in S denotes the 
vacuum representation. In the case of a real S-matrix, this can be rewritten as 
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Next we turn to the computation of ([B.2| ). 

^a,(aoaO = E ^^^P O'^ I (^^^^^ )""^^^^/^^ bo) )f ^^^^l Jl ) )f ^^^^^ • (B.9) 

In this case the overlap between the Ishibashi states is 



M,N,M'N' 



X (o(j,A^|jo,M')o)(i(i,A^|ji,A^')i) 

V- ~2h(i,Af)-c/12.. r. . _ /~2n.. .... 



(B.IO) 



After the modular transformations and manipulations similar to those we have already 
used, the partition function becomes 

ZaAaoa.) = E ^«oa. ^.^XfeC?'/') = E ^^oa, A^'aX. (g'/') • (B.ll) 



],k,r k,r 

We see that the partition function is expressible as a sum over characters in a twisted sector 
of a theory orbifolded by the permutation symmetry [ p6| , |27| |. 
For boundary states ( |6.29 ) we have 

g)(ai|(gi/2)Lo+Wi2|^^^g) ^ 

(B.12) 

which using the Verlinde formula can be written as 

g)(ai|(^~V2)Lo+Wl2|^^^g)^ 

(B.13) 

Now we will evaluate all four terms in parenthesis after modular transformation 

i^YK^,a2^Xj{q)xAq)MQ) 

= 2E^^.^.^E 5o, ^^'^^^ V2fcV2fc ^^-1^) 



lE E K^,a2^r,j"Xj'{Q)Xj"m{q)tpn2{q) 



4 

''■ j',j",ni,n2 



-33- 



Here we used matrix of modular transformation of U{l)k theory given by formula (| 

1 ■r-^ ■r-^ ^rjSjj'Sj k_jll 

= lZ^Kua2 2^ g-^ — Xj'{q)xj"nAQ)i^n2{q) 

j,r j'j",n.i,"2 ^'^ 

r j' ,j" ,ni,n2 

= lE E ^ai,a2^r,'i"Xj'(9)Xi",ni(g)V'n2(9) 



(B.15) 



Here passing from the first to the second line we used the symmetry property ( |6.13D of the 
SU{2)k modular transformation matrix, and passing from the third to the forth line the 
field identification property of the parafermion primaries (j, n) ~ {k/2 — j, k + n). We see 
that contribution of the first and the second terms are equal, and therefore in the partition 
function calculations we can effectively replace the first projector by one. Using the same 
arguments ( symmetries of S-matrix and the field identification) we can show that also 
the second projector can be effectively replaced by one. Taking this into account for the 
second part in the parenthesis we obtain: 

S ■ 

^^Kr,a2^xMXjk{q)Tpk{q) = 
'-'Oi 

3,r ■' 

-fc2.^a„a2 2^ ,c,^^. Xf{q) ( 1) (B.16) 



3,r 



^E E K„a2<,"X,'(g)X,"n,(g)V'n2('Z)(-l)^"^+"^ 



r i'.-i" 



]' ,j" ,ni,n2 



Collecting (|B.14D , (|B.15| ) and (|B.16| ) we obtain ( |Oo|) . 

For boundary states (^) and ( |6.29| ) using ( |6.27| ) we have 



01((i?j|(g)^«~^/24|jn))f^oxPFj|^^^C/jl)oxf/(l)i ^^^^^ 

Let us recall that 

t/(l)oxf;(l)j^_^^„|(^~)Lo-c/24|^^^t/(l)oxf/(l)i ^ (B.18) 
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where 



(g)l/24n(l + (^~)r 



(B.19) 



where P takes X to —X. This can be derived noting that zero-modes do not contribute, 
and the overlap is given by the parity-weighted partition function receiving contribution 
only from higher oscillator states. Using (B.18) we obtain 

SojSoj 



?(ai|(5l"°-'=/^1a2)p = ¥^^-^^:T^xMXjomND{q) (B.20) 



Performing modular transformation and using that 



XNoiq) = \/2 



,1/48 



n(i-(/«-i/2) 



(B.21) 



we obtain ( |6.31 ) 

?(ai|(.1^«-^/^>2)p = E KaXrXA^)^^V2 """"" 



V2k n(i 



.1/48 



3 ,3 ,n 



For boundary states ( |5.2|) and ( 6.29 ), again using permuted decomposition ( 6.27| ) and 
similar for 01 sector we can write 



2k 



C 



ao,ai 



a3,30,3i 73 
^rii ,712 ,n3 ,i ,"3 ,« " 



3,30,31 ni,n2,n3=li=0,k V^o 
1 + (-l)2io+"i 1 + (_l)2il+n2 1 + (_l)2i+n3 ^ ^ 



B.23) 



where Al^f^^nsi -Sni,n2,n.3,i ^^'^ Contributions from the parafermion and U{l)k parts 
respectively and given by the expressions 



(B.24) 



B. 



01 



ni,n2,n3,« 



(B.25) 



Following the same steps as in formula ( plo| ) for we can write 

^nun2,n3,i ~ Xj,n{q )Sj,jo^j,ji^i,niSi,n2^i,n3 



(B.26) 



Calculating (|B.25| ) we again can follow the similar steps as in the formula ( [B.10| ), but 
presence of "r— " state in (|B.25D will bring the following changes. For U{l)k boundary 
states as we can see from (|6.8|), ( |6.11|) , (|6.16 ) and (|6.17 ) the index labeling orthonormal 
basis of the U{l)k representations runs over zero-mode momentum part, and over a's 
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created part. Denoting the zero- mode momenta in four states in ( B.25 ) by p \ p ,p ,p 
respectively by the similar steps as in (B.IO) we obtain: 



(B.27) 



where the minus in the second line comes from the "r— " type first Ishibashi state in ( B.25| ). 
It is easy to see that these four conditions imply that all zero-modes momenta are zero. 
Therefore as before zero-modes do not contribute to ( |B.25| ). For the a's created part we 
again get as in ( B.IO ) doubled energy in exponent but weighted with the sign coming from 
the 'r— " type Ishibashi state: 



Putting ( [B.26I) and ( |B.28| ) in (|B.23D we get: 



r,j' ,n 



2 V2k 

'n(l - (gl/2)n-l/2) 



5„,-l + (-l)2i ^^2^ 

, Xjfi 

^ 

n(i-(9 



Xjfi{f)XND{q^) 

1/2 \ 1/48 



(B.29) 



which is ( |6.32 ). 

For boundary states ( |6.48 ) we have 



(3) 
C 



{q)xj,n[i)'4^n[q)ilJn{q) 

Performing modular transformation we obtain ( |6.49| ) 



(B.30) 



SrjSjfSjjn Xj',m (g)xj",«2 (g)^«3 (g)V'»4 (g) ifnfm 

P k ^ 



5*0^ V2kV2kV2kV2k 



ni,n2,n3,n4 

XI X] ^aia2^rj":^i',™2+n3+n4(9)Xj",n2(9)V'n3(9)V'n4(9) 
rj',j" ?i2,n3,n4 

where we used that 



+ri2+'^3+"4) 



(B.31) 



J]e^f""' = 2M„,,o 



(B.32) 



Now consider partition function between states (5^) and ( 6.48 ). We note that parafermions 
in both sides appear in the permuted way, therefore for them following to (B^) we obtain 
Xj,n[q)Xj,n{q)- But we see that U{l)k states appear in permuted way in one side, and 



-36- 



unpermuted way in other side, therefore for them following to ( [B.IOD we obtain V'n(^^) 
Taking all this into account we get: 



gVi|(9)^°-^/''|a2>P = ^f^^-^^^^xaQ)Xj,nmnif) (B.33) 

j.n J J 

Performing modular transformation we obtain ( |6.5C1| ) 



r,n,j,j',j" nx,n2,nz 



r,j',j" n2,n3 



For partition function between the states ( |5.2| ) and ( 6.4g| ), the situation is opposite. Now 
we have parafermions in the permuted way in one side, and unpermuted way in other side, 
therefore leading to Xi,n(?^)- But we have U{l)k states in unpermuted way on the both 
sides, therefore leading to 'i/'n(9)V'n(^)- Collecting all we get 



X 



J n J 

Xj,n{f)Mq)Mq)—^ — (b.ss) 

Performing modular transformation we obtain ( |6.51| ) 

J,r,nni,n2,n2, v v v 

^,|„(„,+„,+„3) =Y^Y1 K^aAr, n2+nM''')^n2mnM (B.36) 
r,j' n2,ns 

In the case of partition function between ( |6.29| ) and ( 6.48 ) we have parafermion in the per- 
muted way on both sides, but U{l)k states in permuted way on one side, and unpermuted 



way in other side, and additionly we should take into account that in the 01 sector of (|6.29| ) 
we have "r— " state, whereas in ( |6.48 ) we have A type states. Therefore repeating the same 
steps as in derivation of ( B.28| ) we get 

Za,a2 = V^Vk^^f2^^-±^^xM<i)XjMXND{q') (B.37) 
Performing modular transformation we get (|6.52| ) 

, / l/2\l/48 

E E <a.iV;?,»X/,n.(g)x,^n.(g) ^^^^'^^,;,^„_,/,^ (B.38) 
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C. Some facts about U{l)k, SU{2)k and parafermion theories 



In this section we briefly review some necessary facts about [/(l)^, SU{2)^. and A^^^^^ = 
TTlBr theories. 
U{l)k theory: 

The U{l)k chiral algebra {k G Z) contains, besides the Gaussian U{1) current J = i^/2kdX, 
two additional generators 

of integer dimension k and charge ^2k. The primary fields of the extended theory are 
those vertex operators e^'~^'^ whose OPEs with the generators ( |C.l| ) are local. This flxes 7 
to be 

77 

. = -=, n.Z (C.2) 



Their conformal dimension is A„ = For primary fields, the range of n must be restricted 
to the fundamental domain n = —k + 1, —k + 2, . . . , A: since a shift of n by 2k in ^^^^/^^ 
amounts to an insertion of the ladder operator T"^, which thereby produces a descendant 
field. 

From the point of view of the extended algebra the characters are easily derived. A 
factor q^"~'^/'^^ /ri{q) takes care of the action of the free boson generators. To account for 
the effect of the distinct multiple applications of the generators (C.l), which yield shifts of 
the momentum n by integer multiples of 2k, we must replace n by n + I2k and sum over /. 
The net result is 

V'n(^) = ^5:g'^('+"/^'^)^ (C.3) 



The action of the modular transformation S on the characters (C.3) is 

^«(^') = 4rE^"^V'n'('?) q = e'-^^ r' = --. (C.4) 



The parafermion ^^^(^) = 

The chiral algebra of this theory has a set of irreducible representations described by 
pairs (j, n) where j G ^Z, < j < k/2, and n is an integer defined modulo 2k. The 
pairs are subject to a constraint 2j + n = mod 2, and an equivalence relation (j, n) ~ 
{k/2—j, k+n). The character of the representation (j, n), denoted by Xj,n{Q), is determined 
implicitly by the decomposition 

fc+i 

xf^'\q)= E xU^)Mq)- (C.5) 

n=—k 

The action of modular group on the character is 
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and the PF S-matrix is 



where Sjy defined in ( ^.121 ). 



When combining left and right-movers, the simplest modular invariant partition func- 
tion of the parafermion theory is obtained by summing over all distinct representations 

The parafermion theory has a global Zk symmetry under which the fields ■0j,n generating 
the representation (j, n) transform as 

g ■■ ipj,n i^"'tpj,n, w = e~ . (C.9) 

Therefore we can orbifold the theory by this group. Taking the symmetric orbifold by 
of ( p.8| ) leads to the partition function 

Z= Xj,nXj,~n. (C.IO) 

U,n)ePFk 

We see that effect of the orbifold is to change the relative sign between the left and 
right movers of the U{1) group with which we orbifold. Therefore the Zk orbifold of 
the parafermion theory at level k is T-dual to the original theory. This fact will be the 
basis of many constructions in the main text. 

D. Various coordinate systems for the sphere and relations between them 

A three-sphere is a group manifold of the SU (2) group. A generic element in this group 
can be written as 

, = Xoao + ^{X,a, + X,a, + ^3.3) = ( f'^ '''' f ^ 1 

y-{A2 — iyii) Aq - J 

subject to condition that the determinant is equal to one 

+ Xf + Xl + Xl = l. (D.2) 

The metric on S"^ can be written in the following three ways, which will be used in the 
main text. Firstly, using the Euler parametrisation of the group element we have 

g = e'^^e'^^e'^^ (D.3) 
ds^ = i (^(dx + cos 9d(ff + d9^ + sin^ Odf^^ . (D.4) 

The ranges of coordinates are < 9 < it, < f < 27r and < x ^ ^tt. 

Secondly, we can use coordinates that are analogue to the global coordinate for AdSs 

Xo + iX3 = cos 9e'^ , X2 + iXi = sin 9e''^ (D.5) 
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The relation between the metrics ( D.3 ) and ( D.5 ) is given by 



x = (t) + (j), ip = (t)-4>, 6' = -. 

The ranges of coordinates are — vr < 0, < vr and < 9 < ^. 

Thirdly, the standard metric on is given by (n is a unit vector on 5^) 

g = e2^'/'¥ , ds^ = dtp^ + sin^ ^p{df + sin^ ^dr/^) 
Xq + 1X3 = cos + i sin ^jj cos ^ , + iXi = sin sin ^ e*'' . 

The ranges of the coordinates are < ip , < it and < r/ < 27r. 



(D.7) 



(D.8) 
(D.9) 
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